
Math 564: Real analysis and measure theory
Lecture 19

Fubini-Tonelli for sets
.

Let IX
,
E
, M) and 14

,
J
,
oh be refinite measure spaces .

Let REI

li . e . Ip is IQJ-measurable) · Then :

(i) The functions x-P/RX) and yet MIR3) are E- and 5-measurable
, respectively,

(ii) (v(Rx(dM(x) = Mxv(R) = (M(RYdu(y) .
Proof

. Firstly ,
we may assume WLOG What

M. 0 are
finite by the usual argument of writing

X=LXu and Y = HYm or cone XntI
,
Yu of fite measure so XxY =UX

me /N n
,mtI

and R=WRMX* Ym) , and using closure under limits for lis and abl additivity for (i.

It C := I REIQ5 : R satisfies (i) and (iii) and aim to show that 2 is a o-algebra
containing the algebra A generated by rectangles IXJ with ICI

,

JE5.

& contains rectangles : Indeed , for It I and JCI , the function x It v(EX5(x) = 0(5)#(k)
which is clearly measurable

,
and came for the y-fibers . For hi)

,
observe that

↓ v(EX5(x)dM(x) =
(

( +(5) · 1 + (x)dm(x) = v() .M() = Mxv([X5) , and same for y-fibers .

t is closed under disjoint unious: This is because the measures are finitely additive
,
washable

functions are closed under addition and integral in linear.

Thus
,
I contains the algebra A because each element of A is a finite disjoint union

of rectangles.

Using closedness under limits ofmecurable functions and MIT
,
we also get that

I is closed under ethol disjoint unions , and using bniteen of M , s, and x,
we can also decuce that t is losed under complements , e .g. uxx (r)) =Mx(XxY)



- Rx(R) .

But he conclude At t is a t-algebra , we skill need no dow closed-

was under finite intersections (to disjointify a stil union
,
Mis is needed)

,
which

is hard be dow beare measures the measure of the intersection is not expressible
b the messes of the sets

. Instead
,

we appeal to the monotone class Jemma,
to be proved below

,
andaet that is enough to verify that & is closed under

etbl increasing unious and ctbl decreasing intersections
,
i
.e

.

is a monotone class
,
because

then
,
22 <A78 : [Q5

,
Len 2 : [QJ

.

& is a momstone class: For (i) use the monotone converge properties of macures (including
the decreasing convergence chee to finiteness of measures) and closedness of measurable functions

under pointwise limits. For (ii)
,
for increasing unious apply MCT

,
and for decreasing

intersections
, apply, DCT .

Def
.
A collection 2 of subsets of a set X is called a

monotone class if it is closed

under ctisl increasing unions and athl decreasing intersections. The monotone dass genera-
tod by a collection AD(X) is the -last monotone class containing A , i. e. De

intersection of all monotone classes containing A.

Monodore Class Lemma
.

Let T = P(X) be a monotone class. If I contains an algebra
A = D(X) then 2 =Air .
Proof

. By shrinking 2 ,
we

may assume WHOG But & is the monotone class generated
b A

.

then we show Not 2 =<A30
.

For this we wood to show that & is

Nadundeorder andunionsbutbunionViehEIN

is closed under finite unious and complements , s. e . is an algebra,

Complements : Let 3 := 152 : Se23 and Mor bot JC-A and is a monotone class.

Butfor AEA
,
A is also in A

,
so AES .

As for ctl incr. unious and otel dear inters
,



observe that ( N Sc) = ASi and IASul= Si so I being cloud underhere

operations implieAt so is 5 . Here 9 =2
.

Finite unious. For each Ue2
,

let 3(4) : = [Ve2 : UUVE23
.

We need be show

that for each HEL
,
the collection SCULC-A and is a monot class

,
because the

3(4) = 2 Lane t is closed under finite unions. To check ht B(U) is a mono-

tone class
, suppose (Vah = S(U) and is increasing ,

and observe ht UW V
nCIN

= (UVV) hence it is in S(U) benet is cloud uncectl increasing unions.
Nor suppose (V .) = S(U) and is decreasing .

Ren UW AVn = A/UVV) and the
nEIN nEIN

latter is in I since I is closed under stal decreasing intersections.

Finally ,
he show Not ACS (U) we fix AA and show At S(U)

.
But the latter

is equivalent to UESCA)
.

We in fant show lo S(A) = 2 heare UE S(A).

We already but SCA) is a monotone class Ive proved above to all Hee).
Also A : SCA) bense A is closed under finite uniors and 22A

.

Thus
,

SCA) contains the monotoneclass generated by A , here SIA) = C.

Theorem (Fabini-Tonelli for FQT) . Let (X
,
E
, M) and (4

,
5
,
2) be Finite measure spaces.

ht f : X x Y + IR : = ( 0
,
0] be aY - measurable function. Then :

(a) *
x

: Y-TR and F3 : X-> TR are 5 and I-measurable for all xeX and yeY.
16) Tonelli

.

If -0
,
then :

() x(Edw and ye)fdu are E and J-measurable
Y X

(ii) [fxly)drlg(d() =daddy
() Fubini. If f is nxo-integrable then:

() x(Edw and ye)fde are I and 5-measurable and integrable.
Y X

(ii) faly)drlgldM(x) =Super=xdrdlyIf



Proof . We have already proved (a) and we know (b) for indicator functions
,
which

implies (6) and (c) for simple functions by the linearity of integral,
To conclude (8) for all farp

,
write fas an increasing limit of nonnegative simple

functions and inis use the closedness of measurable functions under powise limits
and MCT. For (ii)

, just use MCT three limes
. Finally ,

for 1)
,
write fofef
,

10 + and- are uxo-integrable and apply (b) to be and f- individually
,

observing Not the finitenes of JdMer implies that the functions xt/Exde
a yH (f'du are finite a

.
e
. Get () for f by linearity of integral

TheMexo-measurable version of this theorem follows for the ExT-measurable version
,

and in

left as a HW exercise.


